D. Zagier論文「Vassiliev invariants and a strange identity related to the Dedekind eta-function」の紹介 (Volume Conjectureとその周辺) by 伊原, 健太郎
Title
D. Zagier論文「Vassiliev invariants and a strange identity
related to the Dedekind eta-function」の紹介 (Volume
Conjectureとその周辺)
Author(s)伊原, 健太郎




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
D.Zagier Vassiliev invariants and astrange identity
rerated to the Dedekind eta-functionJ .
.D (Kentaro Ihara)
0
Don Zagier Vassiliev invariants and a strange identity rerated to the Dedekind
eta-function \rfloor ([7] (2001)) .
‘ ’ . $n=0$ 1 .
$F(q)= \sum_{n=0}^{\infty}(1-q)(1-q^{2})\cdots(1-q^{n})$
199710 M.Kontsevich ${\rm Max}$-Planck ,
$q$ 1 $F(q)$ ( (18))
introduction . $F(q)$ .
‘ $q$ ,
. , , $n$ $(1-q)(1-q^{2})\cdots(1-q^{n})$ n\rightarrow
0 , $\prod_{n=1}^{\infty}(1-q^{n})$ $|q|<1$ , 0 ,
$|q|>1$ . $q$ 1
. $F(1)=1,$ $F(-1)=3$, F(e ) $=5$ -e , $F(i)=8-3i$. F(e )
; (15). $F(q)$ $1-q$
:
$F(q)= \sum_{n=0}^{\infty}$a (l-q)7 $=1+(1-q)+2(1-q)^{2}+5(1-q)^{3}+\cdots\in \mathrm{Z}[[1-q]]$ . (1)
$\zeta$ 1 $\zeta-q$ .
$F(q)$ ;
i) $\{a_{n}\}$ AStoimenow $\mathrm{f}\mathrm{f}\mathrm{l}^{\dot{\mathrm{a}}}$– , Vassiliev
.
$\mathrm{i}\mathrm{i})F(q)$ [ , $q$-series identity .
$\mathrm{i}\mathrm{i}\mathrm{i})1$ $F(q)$ .
$\mathrm{i}\mathrm{v})F(q)$ , FG ) $karrow\infty$ .
F(e ), $k\in \mathrm{N}$, trifoil knot $3_{1}$ $k$ color
$\langle 3_{1}\rangle$ (colored Jones )






A. Stoimenow ‘regular ’ .
$\{1, 2, \ldots, 2D-1,2D\}$ involution $\tau(\tau^{2}=id)$ , ‘ $D$
. ( $i$ $\tau(i)$ ( ) ) ,
4 .
$D$ $(2D-1)!!$ . Vassiliev ,
$\mathbb{R}$ “4 ” , .
, 1 Vassiliev
. $(2D-1)!!$ $D$ Vassiliev
$V(D)$ . Stirling $D!\sim D^{D}e^{-D}\sqrt{2\pi D}$ ,
$(2D-1)!! \sim\frac{2^{D}D!}{\sqrt{\pi D}}$ (2)
4 , .
$\tau$ regular , $\tau(i+1)<\tau(i)$ $i$ , $[i, i+1]\subseteq[\tau(i+$
$1),$ $\tau(i)]$ . 2 $\mathrm{A}\mathrm{a}$
.
$\prime\prime\prime’\sim-..$
$\backslash \backslash$ $\prime\prime\prime’arrow\sim--\backslash \backslash \backslash 1$
$\underline{|r’,\cdot.‘ \mathfrak{l}\prime\prime-\backslash \prime\prime\prime\backslash \mathrm{a}_{1}\backslash \backslash \backslash ,}$
$\frac{\iota\prime\prime.-\iota_{1}\prime^{\prime^{\prime^{\prime\backslash }}\backslash }\backslash |\prime||}{\backslash }$.
$\backslash$
‘ $\dot{|}*|$






$ii)*\Re D\sigma)\mathrm{r}\mathrm{e}g\mathrm{u}\mathrm{l}\mathrm{a}x\supset-\mathrm{t}\backslash \cdot \mathrm{H}\emptyset \mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}\xi_{D}|\mathrm{g}nrightarrow \mathrm{C}5\dot{\mathrm{x}}\mathrm{b}t\iota$.
\mbox{\boldmath $\xi$}D $:=\mathrm{j}${ $\mathrm{r}\mathrm{e}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$ }$\backslash \cdot$ $\tau|\tau(1)=k+1\}$ , $\xi_{D}=\sum_{k=1}^{D}\xi D,k$ .





regular $D<k$ $\xi_{D,k}=0$ . { } Sloane,
N.J.A.-Plouffe, S. $\mathrm{E}\mathrm{n}\mathrm{c}\mathrm{y}\mathrm{d}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{a}$ of Integer sequence on line version $\xi_{n}$
. .
2 $\xi_{0,0}=1$ , $Dk=0$ $\xi_{D,k}=0$ .
$\sum_{D,k\geq 0}\xi_{D,k}X^{D}\mathrm{Y}^{k}=\sum_{\mathfrak{n}=0}^{\infty}(1-a)(1-qa)\cdots(1-q^{\mathfrak{n}-1}a)\in \mathrm{Z}[\mathrm{Y}][[X]]$
. , $q=1-X,$ $a=1-X\mathrm{Y}$. $\mathrm{Y}=1$ $\sum_{D=0}^{\infty}\xi_{D}X^{D}=F(q)$
$\xi_{D}=a_{D}$ .
2 $q$-series identity
q-series identity, (6), 1 . $F(q)$ $1-q$
. $|q|<1$
$F_{1}(q)$ , $qarrow 1$ $F(q)$
. :
$(a)_{0}=1$ , $(a)_{n}=(1-a)(1-qa)\cdots(1-q^{n-1}a)$ .
$F(q)= \sum_{n\geq 0}(q)_{n}$ .
$m\geq 1$ $(q)_{m+1}-(q)_{m}=(q)_{m-1}q^{m}$ , $\sum_{n=0}^{N-1}\sum_{m=n+1}^{N}=\sum_{m=1}^{N}\sum_{n=0}^{m-1}$
,





. $F_{1}(q)$ (3) $Narrow\infty$ . $F_{1}(q)$ $|q|<1$
$\ovalbox{\tt\small REJECT}(q)$ $\in \mathbb{Z}[[1-q]],$ $\in \mathbb{Z}[[q]]$ . [ $F(q)=F_{1}(q)\in \mathbb{Z}[[1-q]]$
. (3) , $N$




. $(q)_{\infty}:= \prod_{n=1}^{\infty}(1-q)^{n}$ . $F_{2}(q)\in \mathbb{Z}[[1-q]],$ $\in \mathbb{Z}[[q]]$
. $F_{2}(q)$ $|q|<1$ ;
$\frac{F_{2}(q)}{(q)_{\infty}}=\sum_{n\geq 0}[\frac{(q)_{n}}{(q)_{\infty}}-1]$
$|q|<1$ . $\Pi_{\infty}^{-}q1=\sum_{l=0}^{\infty}p(l)q^{l}$ , $p(l)$ $l$ ,
$|q|<1$ . $p^{(n)}(l)$ $n$ ,
$\frac{(q)_{n}}{(q)_{\infty}}=\sum_{l\geq 0}p^{(n)}(l)q^{l}=1+\sum_{l>n}p^{(n)}(l)q^{l}$
,
$\sum_{n\geq 0}|\frac{(q)_{n}}{(q)_{\infty}}-1|\leq\sum_{n\geq 0}\sum_{l>n}p^{(n)}(l)|q|^{l}\leq\sum_{n\geq 0}\sum_{l>n}p(l)|q|^{l}$
$= \sum_{l\geq 1}\sum_{n=0}^{l-1}p(l)|q|^{\mathrm{t}}=\sum_{l\geq 1}lp(l)|q|^{l}$ .
, 1 . (3) $Narrow\infty$ $F_{2}(q)$
. $|q|<1$ $F_{1}(q)=F_{2}(q)$ .
Euler 5 (e.g. [1]),
$(q)_{\infty}= \sum(-1)^{k}q^{k(3k+1)/2}=\sum\chi(n)q^{(n^{2}-1)/24}$ .
$k\in \mathrm{Z}$ $n\geq 1$
, $\chi$ $\mathrm{m}\mathrm{o}\mathrm{d} 12$ $(\exists!)$ .
$\chi$ : $(\mathbb{Z}/12\mathbb{Z})^{*}=\{1,5, -5, -1\}arrow\{1, -1, -1,1\}$ .
29
. Dedekind $\mathrm{e}\mathrm{t}\mathrm{a}$- $q^{1/24}(q)_{\infty}$ . ,
$H(q):= \sum_{\mathfrak{n}\geq 1}n\chi(n)q^{(n^{2}-1)/24}$ ,
$E(q):=- \frac{d}{dx}\beta \mathrm{o}\mathrm{g}(qx)_{\infty}]|_{x=1}=\sum_{n\geq 1}\frac{q^{n}}{1-q^{n}}=\sum_{n\geq 1}d(n)q^{n}$.
$d(n)= \sum_{d|n}1$ . $|q|<1$ :
3 $|q|<1$ , $\mathbb{Z}[[q]]$ .
$F_{1}(q)=- \frac{1}{2}H(q)+(\frac{1}{2}-E(q))(q)_{\infty}$ . (6)








$S(x)= \sum_{\mathfrak{n}\geq 1}\chi(n)x^{(n-1)/2}q^{(n^{2}-1)/24}$ (7)
. $S(x)$
$S(x)=(qx)_{\infty}+(1-x) \sum_{\mathfrak{n}\geq 0}[(qx)_{n}-(qx)_{\infty}]x^{\mathfrak{n}}$ (8)





. $q$ 1 ,
2 (q) 0 $F_{1}(q)$ $- \frac{1}{2}H(q)$
. Dedekind $\mathrm{e}\mathrm{t}\mathrm{a}$- $H(q)$ 5 .
30
3Expansions near root of unity
$\{a_{n}\}$ , $\{b_{n}\}\{c_{n}\}$ :
$F(1-x)= \sum_{n\geq 0}a_{n}x^{n}$
, $F(e^{-t})= \sum_{n\geq 0}\frac{b_{n}}{n!}t^{n}$ , $e^{-t/24}F(e^{-t})= \sum_{n\geq 0}\frac{c_{n}}{24^{n}\cdot n!}t^{n}$. (9)
$\{b_{n}\},$ $\{c_{n}\}$ .
4 $\{c_{n}\}$ “Glaisher ” , .
$c_{n}= \frac{(-1)^{n-1}}{2}L(-2n-1, \chi)=\frac{(2n+1)!}{2\sqrt{3}}\frac{L(2n+2,\chi)}{(\pi/6)^{\mathit{2}n+\mathit{2}}}$
$=6 \frac{(-144)^{n}}{n+1}[B_{\mathit{2}n+2}(\frac{1}{12})-B_{\mathit{2}n+\mathit{2}}(\frac{5}{12})]=(\frac{d}{dt})^{2n+1}(\frac{\sin 2t}{2\cos 3t})|_{t=0}$ .
, $L(s, \chi)=\sum_{n\geq 1}n$ .$-x\Omega^{n}$ $\chi$ Dirichlet $L$ - , $B_{n}(x)$ $n$
Bernoulli .
(proof.) : $t>0$ $e^{-t/24}H(e^{-t})$ $t[searrow] \mathrm{O}$ 2
.
(6) $|q|<1$ $qarrow 1$ , $\{(1-q)^{n}\}_{n\geq 0}$
. $(q)_{\infty}\sim 0+0(1-q)+0(1-q)^{\mathit{2}}+\cdots$ $|E(q)| \leq\sum n|q|^{n}=\Gamma 1-\mathrm{T}^{1}q\mathrm{I}\mathrm{J}^{\tau}$ ,
(6) 2 , $0+0(1-q)+0(1-q)^{2}+\cdots$ . $F_{1}(q)$
$- \frac{1}{\mathit{2}}H(q)$ , $- \frac{1}{2}H(q)\sim F(q),$ $(qarrow 1)$ . 1
$\text{ }$
$e^{-t/24}H(e^{-t}) \sim-2e^{-t/\mathit{2}4}F(e^{-t})=-2\sum_{n\geq 0}\frac{c_{n}}{24^{n}\cdot n!}t^{n}$




$\{\gamma_{n}\}$ $e^{-t/\mathit{2}4}H(e^{-t})$ Mellin : $N$ [ ,
$\int_{0}^{+\infty}e^{-t/24}H(e^{-t})t^{s-1}dt=\int_{0}^{+\infty}(\sum_{n=0}^{N-1}\gamma_{n}t^{n}+O(t^{N}))t^{\epsilon-1}dt$







. (12) (13) $s=-n,$ ($n\geq 0$ , )
$\gamma_{n}=L(-2n-1,\chi)\frac{(-1)^{n}}{24^{\mathfrak{n}}\cdot n!}$ .







$L(1-m, \chi)=-\frac{12^{m-1}}{m}\sum_{a=0}^{12}\chi(a)B_{m}(\frac{a}{12})$ , ($m\geq 1$ , )
(e [2]). $\frac{\epsilon \mathrm{i}\mathrm{n}\mathrm{h}2t}{\cosh 3t}=\sum_{m\geq 1}\chi(m)e^{-my}$ , Mellin
, $\int_{0}^{\infty}\sum_{m\geq 1}\chi(m)e-mvt\cdot-1dt=L(s,\chi)\Gamma(s)$ , ,
$\frac{\sin 2t}{2\cos 3t}=\sum_{n\geq 0}\frac{(-1)^{n-1}}{2}L(-2n-1, \chi)\frac{t^{2n+1}}{(2n+1)!}$
, (14) .
, 1 $\xi=e^{2\pi}:\alpha,$ $(\alpha\in \mathbb{Q})$ ,
$F( \xi(1-X))=\sum_{n\geq 0}a_{n}(\xi)X^{n}$ , $F( \xi e^{-t})=\sum_{n\geq 0}\frac{b_{n}(\xi)}{n!}t^{n}$ , $e^{-t/24}F( \xi e^{-t})=\sum_{n\geq 0}\frac{c_{\mathfrak{n}}(\xi)}{24^{n}\cdot n!}t^{n}$,
$a_{n}(\xi),$ $b_{n}(\xi)$ , $(\xi)\in \mathrm{Z}[\xi]$ . $\xi=1$ . $\xi$ $\xi^{N/12}=1$
12 $\mathrm{E}$
.
$N$ , $\chi_{\xi}(m):=\chi(m)\xi^{(m^{2}-1)/24}$ $\xi=1$
N- : $\chi_{\xi}(m+N)=\chi_{\xi}(m)$ . ‘twisted L– ”
$L(s, \chi_{\xi}):=\sum_{m\geq 1}\frac{\chi_{\xi}(m)}{m}.$ , $(\Re(s)>1)$
32
$\mathrm{x}_{\xi}\mathrm{G}+mN)$
$L(s, \chi_{\xi})\ovalbox{\tt\small REJECT}\sum\sum\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT})$,
$a^{\ovalbox{\tt\small REJECT}}1m\ovalbox{\tt\small REJECT} 0$
$=N^{-s} \sum_{a=1}^{N}\chi_{\xi}(a)\sum_{m\geq 0}\frac{1}{(m+\frac{a}{N})^{\epsilon}}$
$=N^{-s} \sum_{a=1}^{N}\chi_{\xi}(a)\zeta(s, \frac{a}{N})$ .
, $0<x\leq 1$ { , $\zeta(s, x)$ $:= \sum_{m\geq 0\frac{m+x1}{}}$. Hurwitz $\zeta$ . Hurwitz $\zeta$
($s=1$ 1 , 1), $L(s, \chi_{\xi})$
. Hurwitz $\zeta$
$\zeta(1-m, x)=-\frac{B_{m}(x)}{m}$ , ($m\geq 1$ , )
, $L(s, \chi_{\xi})$
$L(1-m, \chi_{\xi})=-\frac{N^{m-1}}{m}\sum_{a=1}^{N}\chi_{\xi}(a)B_{m}(\frac{a}{N})$ , ($m\geq 1$ , )
(e.g. [2]). 4 , $t>0$ $e^{-t/24}H(\xi e^{-t})$ $t[searrow] \mathrm{O}$
2 ,
$e^{-t/24}H( \xi e^{-t})\sim-2\sum_{n\geq 0}\frac{c_{n}(\xi)}{24^{n}\cdot n!}t^{n}$ , $(t[searrow] 0)$
$e^{-t/24}H( \xi e^{-t})\sim\sum_{n\geq 0}\frac{(-1)^{n}}{24^{n}\cdot n!}L(-2n-1, \chi_{\xi})t^{n}$, $(t[searrow] 0)$
, 4 , $(\xi)$ :
$c_{n}( \xi)=\frac{(-1)^{n-1}}{2}L(-2n-1, \chi_{\xi})$
$= \frac{(-1)^{n}N^{2n+1}}{2n+2}\sum_{a=1}^{N/\mathit{2}}\chi_{\xi}(a)B_{2n+\mathit{2}}(\frac{a}{N})$ .
$n=0$ , $(\xi)=F(\xi),$ $B_{2}(x)=x^{2}-x+ \frac{1}{6}$ ,
$F( \xi)=\frac{1}{4N}\sum_{m=1}^{N}m^{2}\chi_{\xi}(m)$ (15)
. $F(\xi)$ .
4Asymptotic formula for $\xi_{D}$
Stoimenow $\xi_{D}$ $D$ Vassffiev $V(D)$ ,
$M>0$ $\xi_{D}=O(D!/D^{M})$ . ($V(D)$ , (2)
) $\xi_{D}(=a_{D})$ $\mathrm{A}\mathrm{a}$ .
33
5 $C_{0},$ $C_{1},$ $\ldots$ ,
$\xi_{D}\sim\frac{D!\sqrt{D}}{(\pi^{2}/6)^{D}}(C_{0}+\frac{C_{1}}{D}+\frac{C_{2}}{D^{2}}+\cdots.)$ (16)
, $C_{0}= \ovalbox{\tt\small REJECT} 12\pi^{2}/e12\pi’ C_{1}=C_{0}(\frac{8}{3}-\frac{17\pi^{2}}{144}+\frac{\pi^{4}}{432})$. $\xi_{D}=O(D!\sqrt{D}/(\pi^{2}/6)^{D})$ .
(9) 3 $\{a_{n}\},$ $\{b_{n}\},$ $\{c_{\mathfrak{n}}\}$ ,
$b_{n}= \frac{1}{24^{n}}\sum_{k=0}^{n}(\begin{array}{l}nk\end{array})c_{k}$ , $a_{n}= \frac{1}{n!}\sum_{k=0}^{n-1}S_{n,n-k}b_{n-k}$ , $(n\geq 1.)$ (17)
. 1 . 2 $\{S_{n,m}\}_{n,m\geq 0}$ 1 Stirling ,
(e.g. [2]):
$x(x+1) \cdots(x+n-1)=\sum_{m=0}^{n}S_{n,m}x^{m}$
, $S_{n,n}=1,$ $S_{n+1,m}=S_{n,m-1}+nS_{n,m}$ . 1 Stirlng
$\frac{t^{m}}{m!}=\sum_{n=m}^{\infty}S_{n,m^{\frac{(1-e^{-t})^{\mathfrak{n}}}{n!}}}$
. $arrow b_{n}arrow a$ :







$n! \sim n^{n}e^{-n}\sqrt{2\pi n}[1+\frac{1}{12n}+\frac{1}{288n^{2}}-\frac{139}{51840n^{3}}-\frac{571}{2488320n^{4}}+\cdots]$
, $(2n+1)!$ $n!^{2}$ ,
$b_{n} \sim\frac{12\sqrt{3n}\cdot n!^{2}}{\pi^{5/2}(\pi^{2}/6)^{n}}[1+\frac{\beta_{1}}{n}+\frac{\beta_{2}}{n^{2}}+\cdots]$
34
$\beta_{1}=\frac{\pi^{2}}{144}+\frac{3}{8},$ $\beta_{2}=\frac{\pi^{4}}{41472}-\frac{\pi^{2}}{1152}-\frac{7}{128},$ $\ldots$ , Stirling 1
$S_{n,n-k}= \frac{n^{2k}}{2^{k}k!}.[1-\frac{c_{1}(k)}{n}+\frac{c_{\mathit{2}}(k)}{n^{2}}-\cdots]$






F(e )\sim exp(---\pi 12i $(k-3+ \frac{1}{k})$ ) $k^{3/2}+ \sum_{n\geq 0}\frac{b_{n}}{n!}(-\frac{2\pi i}{k})^{n}$ , $(karrow\infty.)$ (18)
$b_{0}=1,$ $b_{1}=1,$ $b_{2}=3,$ $b_{3}=19,$ $b_{4}=207,$ $\ldots$




(18) . $\exp(\frac{\pi i}{12k})$ ,
exp $( \frac{\pi i}{12k})F(e\not\simeq)\sim\exp(-\frac{\pi i}{12}(k-3))k^{3/2\#\sum_{n\geq 0}\frac{b_{n}}{n!}(-\frac{2\pi i}{k})^{n}}+e.F$
$m\in \mathbb{Z}$ , $\zeta_{m}:=\exp(\frac{2\pi i}{m})$ . (9) ,
$\zeta_{24k}F(\zeta_{k})\sim\zeta_{24}^{-k+3}k^{3/2}+\sum_{n\geq 0}\frac{c_{n}}{n!}(-\frac{\pi i}{12k})^{n}$ . (19)
, $\varphi$ : $\mathbb{Q}arrow \mathbb{C}$ $\varphi(\alpha)$ :=e $F(e^{2\pi i\alpha})$ .
$\varphi(\alpha+1)=\zeta_{24}\varphi(\alpha)$ (20)
, $\varphi(0)=1$ [ $k\in \mathbb{Z}$ $\varphi(k)=\zeta_{24}^{k}$ . $\varphi(1/k)=$
e $F\mathrm{G}\text{ }$ ) $=\zeta_{24k}F(\zeta_{k})$ , (19) , ( )
$\varphi(\pm 1/k)\sim\zeta_{8}^{\pm 1}\varphi(\mp k)k^{3/2}+\sum_{n\geq 0}\frac{c_{n}}{n!}(\mp\frac{\pi i}{12k})^{n}$
(21)
.




$\varphi(\alpha)+(\mathrm{i}\alpha)^{-3/2}\varphi(-\frac{1}{\alpha})=g(\alpha)$ , $(\alpha\in \mathbb{Q}, \alpha\neq 0.)$ (22)
. $\pm\alpha>0$ $(i\alpha)^{-3/2}=\zeta_{8}^{\mp 3}|\alpha|^{-3/2}$ . $g:\mathrm{R}arrow \mathbb{C}$
C\mbox{\boldmath $\omega$}- $x=0$ , $g^{(n)}.(0)=(- \frac{\pi\dot{\iota}}{12})^{n}c_{n}(n\geq 0)$ .
$\varphi(\alpha)-v(\gamma)(c\alpha+d)^{-3/2}\varphi(\gamma(\alpha))=g_{\gamma}(\alpha)$ , $(\alpha\in \mathbb{Q}, \gamma(\alpha)\neq i\infty.)$ (23)
$\gamma=(_{\mathrm{c}d}^{ab})\in SL_{2}(\mathrm{Z})$ $v(\gamma)$ Dedehnd $\mathrm{e}\mathrm{t}\mathrm{a}$- mmltiplier 1 24
, $g_{\gamma}$ $\mathrm{R}$ $c\infty$ - $\gamma^{-1}(i\infty)$ .
(22) $\alpha=\pm\frac{1}{k}$ , (21) .
. [3], [4] .
$\gamma=(\begin{array}{ll}a b\mathrm{c} d\end{array})\in\Gamma:=PSL_{2}(\mathrm{Z}),$ $z\in \mathbb{H}$ : , $\Gamma$ $\mathrm{H}$ $\gamma(z)=\frac{a}{e}zA_{\frac{b}{d}}z+$
. $\mathrm{S}_{k}$ $\Gamma$ weight $k$ , ( $\in Z,$ $>2$ , ) .





. $f$ , $f$ Eichler $\overline{f}(z)$ $f$ $k-1$ $\mathrm{x}(2\pi:)^{k-1}$ . $\frac{1}{2\pi}.\cdot\frac{d}{dz}=q\frac{d}{dq}$
,
$\overline{f}(z)=\sum_{n\geq 1}\frac{a(n)}{n^{k-1}}q^{n}$ , $(q=e^{2\pi}):z$ (24)
.
$( \frac{1}{2\pi\dot{l}}\frac{d}{dz})^{k-1}[(cz+d)^{k-2}\overline{f}(\frac{az+b}{cz+d})-\tilde{f}(z)]=(cz+d)^{-k}f(\frac{az+b}{cz+d})-f(z)=0$
$g_{\gamma}(z):=(cz+d)^{k-2} \tilde{f}(_{z+}^{z}\frac{a}{c}=\frac{b}{d})-\tilde{f}(z)$ $k-2$ , $f(z)$
, $\tilde{f}(z)$ ,
$g_{\gamma}(z)=(cz+d)^{k-2} \tilde{f}(\frac{az+b}{cz+d})-\tilde{f}(z)$ (25)




. $\ovalbox{\tt\small REJECT}(z)\ovalbox{\tt\small REJECT}$ ( $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{i}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}^{1}fzi^{oo}f(w)(w-z)^{k-2}dw$ . $(_{2}\mathrm{i}_{\mathrm{i}}\mathrm{d}\mathrm{Z})^{k-1}$
$-\cong\ell$














$\mathrm{v}_{k}$ $k-2$ , $\Gamma$ $\mathrm{v}_{k}$
$( \gamma P)(X):=(cX+d)^{k-2}P(\frac{aX+b}{cX+d})$
, parabolic 1-cocycle $\ovalbox{\tt\small REJECT}$
$Z^{1}(\Gamma,\mathrm{V}_{k})=\{f:\Gammaarrow \mathrm{V}_{k}|f(T)=0, f(\gamma_{1}\gamma_{2})=\gamma_{2}(f(\gamma_{1}))+f(\gamma_{2}), (\gamma_{1},\gamma_{2}\in\Gamma)\}$
$f\vdash*f(S)$ ,
$\mathrm{W}_{k}=\{P\in \mathrm{V}_{k}|(1+S)P(X)=(1+U+U^{2})P(X)=0\}$
1 1 . $U=(\begin{array}{ll}1 -11 0\end{array}),$ $(T=SU)$ $\Gamma$ $\mathbb{Z}[\Gamma]$ .
, Eichler-Shimura-Manin , $\mathrm{W}_{k}$ $\mathrm{W}_{k}^{0}:=$




, $f$ L $L(f, s) \ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\sum\ovalbox{\tt\small REJECT}_{1}\ovalbox{\tt\small REJECT}\neq$ , L
$\ovalbox{\tt\small REJECT}$




$=c_{k} \sum_{j=0}^{k-2}(k -2j)(-i)^{k-1-j} \int_{0}^{+\infty}f(:x)x^{k-2-j}dxz^{\mathrm{j}}$ .
,
$\int_{0}^{+\infty}f(:x)x^{k-2-\mathrm{j}}dxz^{j}=\int_{0}^{+\infty}\sum_{n\geq 1}a(n)e^{-2\pi\cdot nx}.x^{k-2-\mathrm{j}}dx$
$= \sum_{n\geq 1}\frac{a(n)}{(2\pi n)^{k-1-\mathrm{j}}}\int_{0}^{+\infty}e^{-x}x^{k-2-j}dx$
$= \sum_{n\geq 1}\frac{a(n)}{(2\pi n)^{k-1-\mathrm{j}}}(k-2-j)!$
$= \frac{(k-2-j)!}{(2\pi)^{k-1-j}}L$($f$,k-l-j)
.
, weight $f$ Dedekind eta-
$\eta(z)=q^{1/24}\prod_{n\geq 1}(1-q^{n})=\sum_{n\geq 1}\chi(n)q^{n^{2}/24}$, $(q=e^{2\pi}):z$
. $\Gamma$ weight 1/2 :
$\eta(z+1)=\zeta_{24}\eta(z)$ , $\eta(-1/z)=(z/:)^{1/2}\eta(z)$ , $\eta(\gamma(z))=v_{\eta}(\gamma)\eta(z)$
$v_{\eta}(\gamma)$
$\gamma$ 1 24 uDedekin$\mathrm{d}$ $n$ .
weight ,
Dede $\mathrm{n}\mathrm{d}$ $\mathrm{e}\mathrm{t}\mathrm{a}$ Eichler $\tilde{\eta}$ ? (24) , $k=1/2$
$\ovalbox{\tt\small REJECT}(z)=\sum_{n\geq 1}n\chi(n)q^{n^{2}/24}$ . weight , (26),
$g_{\gamma}(x)=c \int_{\gamma^{-1}}^{\dot{*}\infty}$
o) $\eta(w)(w-x)^{-3/2}dw$ . $x$
, $(w-x)^{-3/2}$ $w=x$
. $x\in \mathrm{R}$ $g(x)$ ,
(cf. [5]). , $zarrow\alpha\in \mathbb{Q}$ ,
38
$g,(\alpha),$ $\ovalbox{\tt\small REJECT}(\alpha)$ weight (25) $\iota\backslash$ .
(6) $\ovalbox{\tt\small REJECT}/24$ ,
$q^{1/24}F_{1}(q)=- \frac{1}{2}\tilde{\eta}(z)+(\frac{1}{2}-E(q))\eta(z)$
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